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Abstract 

L. Accardi showed that a Banach space of signed measures is homeomorphic to a Hilbert 
space formed by the so-called square roots of measures. In this paper, we redefine square 
roots of measures in view of the theory of measures on infinite dimensional spaces, and 
introduce notions of differentiation, Fourier transform, and convolution product of square 
roots of measures, and examine those relations. By using these tools, we study the Levy 
Laplacian for squares root of measures including non-Gaussian type. It is shown that the 
symbol of the Levy Laplacian is equal to the quadratic variation of paths. 

1 Introduction 

L. Accardi shows that a Banach space of signed measures is homeomorphic to a Hilbert space 
formed by the so-cahed square roots of measures [1]. The notion of the square roots of measures 
is introduced to interpret the resuh of Segal [21] and Nelson [16] in a context more general than 
that of Gaussian measures. In this paper we first discuss about square roots of measures on 
M°°: the countable product space of real lines, and we redefine the square roots of measures 
in view of the structure of the projective limit. The advantage of adopting the new definition 
is to make available a Fourier transform for the square roots of measures. It is defined as a 
translation of the concept of the adjoint measure studied by Yamasaki [28]. For a more detailed 
discussion about the relationship between the ordinary definition and our definition of square 
roots of measures, see[10]. 

A typical square root of a measure is a sequence of square roots of density functions of finite 
dimensional projection of a positive bounded Borel measure /i on M°^. We will denote it by ^JJi 
and call it a square root of /x. With this notation it follows easily that the inner product of ^JJi 
and coincide with the Hellinger integral 

where A stands for any positive bounded Borel measure on with respect to which both [i 
and V are absolutely continuous. 



1 



We also introduce a notion of the directional differentiation for square roots of measures 
with the aid of the theory of differentiable measures studied by Averbuh-Smolyanov-Fomin [2], 
Skorohod [22], and many other authors. The differentiation for square roots of measures inherit 
the property of differentiation from ordinary differentiable measures. In suitable conditions, the 
Fourier transform is compatible with the differentiation defined here in the following sense: if / 
is a differentiable square root of a measure in the direction p G M°° , then the Fourier transform 

oo 

of its directional derivative is given by 2iT\f^ p) x /. Here p) = ^ ^kPk and / stands for 

k=l 

the Fourier transform of /. 

The main purpose of the present paper is to study the Levy Laplacian for square roots of 
measures on Co[0,T]: the space of rcal-vahicd continuous functions on [O.T] which is at the 
origin. The Levy Laplacian is defined as the Cesaro mean of second order differential operators: 

1 52 
Al = lim - V 

k=l " 

where xi,X2, - ■ ■ constitute a coordinate system of the infinite dimensional vector space under 
consideration. There are many results about the Levy Laplacian associated with the Gaussian 
measures and Brownian functionals ([8], [14], [17]). But in this paper we will be concerned 
with the measures which are not necessarily of Gaussian type and give a sufficient condition for 
square roots of measures on which the Levy Laplacian acts naturally. The key is the Fourier 
transform for square roots of measures. To transform the Levy Laplacian into a multiplication 
operator by a function makes it easy to examine the domain of the Levy Laplacian. In fact, it 
is shown that the function is equal to the quadratic variation of paths on [0, T]. This result will 
be useful for the theory of Sobolev spaces and pseudo-differential operators of square roots of 
measures. However these topics exceed the scope of this paper. 

2 Definition and Properties of Square Roots of Measures 

Let M°° be countable direct product of real lines and let d be the distance of M°° defined by 

00 ^ I I 

di^^y) = E ^ 1 rr"!" I = K}^=i,y = {yn}^=i e (2.1) 

^ J- "r \i^n ynl 

Then (M°°,d) is a complete separable metric space. Since M is a nuclear space, so is M°°. (see 
[4], [20], and [28] for more details). 

A sequence of positive L^-functions {/«}, fn £ L'^{R"') is called a superprojective system of 
L'^-functions if 

/ |/„+i(x,x')|'dx' < |/„(x)|2 a.e.a;Gi?"(n = l,2,---). (2.2) 

JR 

The condition (2.2) is called weakly L^-compatibility condition. If the inequality (2.2) is replaced 
with an equality, {fn} is called a projective system of L^-functions and (2.2) is called L^- 
compatibility condition. We will denote by >C^(M°°) the totality of superprojective systems of 



2 



L^-functions. For {fn},{9n} € >C^(M°°) and a G C addition and scalar multiplication is defined 

by 

{fn} + {gn} = {fn + On}, "{/n} = {afn} 

respectively. Then we will denote by Z;^(M°^) the complex linear hull of i2^(M°°). i2^(M°°) is 
essentially expressed as the sum of four superprojective systems. 

Proposition 2.1. For all f G ^C^^j^oo) ^j^^^^ g^j^^ p ^ j(:l{R°°) {j = 1,2,3,4) such that 

f = f-f + V^if - f)- (2.3) 
Proof. Let / G C^{W°). By definition, there are ak ^ C and f £ Cl{R°°) (1 < k < n) such 

n 

that / = ^ ctkf''- For a = a + b^/^, a,b e R and f e >Cg(M°°), we have 
k=l 

af = {aV 0)/ - (-a V 0)/ + V^{b V 0)/ - V^{-b V 0)/, 

where (a V 0) = max{a, 0}. This shows af is of the form such as (2.3). Thus there are 
gU,k) g £2^^°°) {j = 1, 2, 3, 4, 1 < A; < n) such that akf = g^^^^^ - g^'^^^^ + V^(5^^'''^ - 5^^'*^^) 
and / is expressed as 



^ ^(1,^) _ ^ ^(2,/=) + ^ ^(3,.) _ 

fe=l k=l \k=l k=l 



Here J^g^^''^ G 4(M~) (j = 1,2,3,4). In fact, for = {f^} and f = {f^} G Cl{R^), we 



k=l 

have 



/ |/^+i(rr,x') + /^+i(x,x')pdx' 
Jr 

= / (|/^+i(x,a;')P + |/^+i(x,x')P + 2/^+1 (a;,a;')/^+i(x,a;'))cix'. 



< (/^(x))' + (/^(x))2 + 2fjx)f^{x) = |/^(x) + f^{x)f. 

This shows that + f'^ G i2^(M°°). Thus the finite sum of superprojective systems is also a 
superprojective system. □ 

For a topological space X we will denote by B{X) the totality of Borel sets of X. Let 
/ = = {g^} G C'^{W^) and n > 1. We consider a sequence of L^- functions {/i^} defined 

by 

hl{x) = I fn+k{x, x')gn+k{x, x')dx' (fc = 1, 2, • • • ). (2.4) 
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We first examine {h'^} H f,g G vC^(M°°). In this case, (2.4) is a sequence of non-negative 
L^-functions such that h^^i{x) < h^{x){k = 1,2, •••). Hence by the monotone convergence 

theorem, there exists /i" G L^(W'),hn > such that Km / \hl{x) - h'^{x)\dx = 0. 

In addition {hn} satisfies 

/ hn+iix,x')dx' = hn{x) {n = 1,2,- ■■). (2.5) 

The Kolmogorov extension theorem ensures that there exists a bounded positive Borel measure 
H on R°° such that 

fi{p-\E)) = [ K{x)dx (2.6) 

JE 

for all E G ,B(M"). Here p„ stand for the projection from M°° to M" defined by 

Pn : 9 {xi,X2, • • • ) {xi^X'i, ■ ■ ■ ,Xn)- 

When f,gE jC^(R°°), {h^} converges to some hn G L^(M") because it is a hnear combination 
of monotone decreasing sequences of L^-functions. Since {hn} is a complex linear combination 
of the sequences like (2.5), there also exists a complex Borel measure /i satisfying (2.6). 

The measure ii defined above is called the product of / and g; it is denoted hy f ■ g. In 
particular we write |/p = / • / as the square of /. Here / = {/„} denotes the complex conjugate 
of /. In this sense the square of /^^(M°°) is regarded as a measure and the element of >C^(]R°°) a 
square root of a measure on ]R°°. 

Definition 2.2. Assume that is a positive Borel measure on R°° such that the finite dimen- 
sional projections Pnifj) = fJ-iPn^ (E)) , E G BiW^) is absolutely continuous with the Lebesgue 
measure and let fn be a density function ofpn{lj)- We call {\/^} € >C^(M°°) as the square root 
of fj, and denote it by ^JJi 

Proposition 2.3. Fix f,g e >C2(M°°) and a G C. Then the following (1) - (3) hold. 

(1) f-g = g-f 

(2) {f + g)-h = f-h + g-h 

(3) {af)-g = a{f-g) 
Proposition 2.4. Let f,ge £.'^{R°°). 

\f-g\{E)<yW{E)yW{E) (2-7) 
holds for any E G i3(M°°). Here \f ■ g\ denotes the total variation of complex Borel measures 

f-g- 
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Proof. Let us first prove the case E is of the form p^^{En),En G H(M"). Let h!^ and /i„ are the 
function defined by (2.4). 



1/ •S'bnH^n))! < limsup / / \fn+k{x,x')gn+k{x,x')\dx'dx 




gn+k{x,x')\'^dx'dx 



= \^\mPniEMmPn'{En)), 



which proves (2.7). 

If is a compact set of M°° , 

oo 

K= f]p-\pn{K)) 

n=l 

holds (see for instance [4]). Thus we have 

/ • giK) = /•<?( n Pn\PniK))] = Jim / • gip-\pniK))) 



< \mly\f\^{pnHpn{m^J\g\^Pn\pn{m = yWMvlFM- 

Since a complex Borel measure on a separable complete metric space is tight (see for instance 
[7], [18]) and a countable product of separable spaces is also separable, complex Borel measures 
on R°° are tight. So for all e > and E G i3(M°°) there exists a compact set K C E of M.°° such 
that 

\\f-g\{E)-\f.g\{K)\<\f.g\{E\K)<e. 
It shows that (2.7) holds for E G B{R°°). 

□ 

Set f,g e C^iR'^). A scsquilincar form (•,-)^2 : C'^iR'^) x £2(R°°) C is defined by 
(/, g)jr2 = {f-g){R°°) and a seminorm is defined by ||/||£2 = v(/>/)£2. / is said to be equivalent 
to g if 11/ — g\\/^2 = 0. Inequality (2.7) shows that the equivalence relation is well defined. Let 
L2(M°°) be the quotient set of JC?{R°°) by this equivalence relation. L'^(R°°) is a pre-Hi lbert 
space by the inner product induced by {■,-)/^2- Here we write ||/||i2 = \/{f7f)i2- We 

will show that L^{R°°) is a Hilbert space. The following three lemmas are needed to prove. 

Lemma 2.5. For all f = {fn} € C'^ {R°°) , fn{x) > 0, there exists g = {gn} which is equivalent 
to f and satisfy the L"^ -compatibility condition i.e. 



/ \9n+iix,x')\'^dx' = \gn{x)\'^ a.e.x £ 

JR 
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Proof. Assume that / is of the form / = - /^ = {/i}, f = {f^} G 4(M°°), 

fn~ fn — 0- Set 5fri(x) = W lim / x')pdx'. It is easy to check that g = {gn} satisfies 

L^-compatibiUty condition, f ^ g is shown by 

11/ - 9\\h = i™. / ~ gnix)fdx 



n— )-oo 



< Um / \\fn{x)\''-\gnix)f\dx 

= hm / \f^{x) - f^{x)\' - Ihn I \fl^k{x,x')-fl^k{x,x')\^dx 
<j2^T [ (\fii^)\'-}^f \fU{x,x')\'dx')dx 
+ 2hm/ (f^{x)f^{x)- hm [ f^^,ix,x')f^^,ix,x')dx']dx = 0. 



Here we have used 

|2 / I 2 .2: 



|a-fcr < |a I {a,b>0). 



□ 



Lemma 2.6. Zet / = {/„} G £2(i^oo)_ ^^^^^ ^^-^^ ^ | ^ /:2,^M°°), 

> ( j = 1,2,3,4) such that 

(1) h = h^-h^ + V^{h^ - h"^) e £2(^00) equivalent to f, 

(2) hi{x)hl{x) = hl{x)hl{x) = 0, a.e.x G M". 

Proo/. By Proposition 2.1, there exist {/j^} G /:g(M°°) (j = 1,2,3,4) such that f = - f + 
V^if - f^)- And lemma 2.5 shows that there exist g^ = {gi} G Cl{R°°) {j = 1,2,3,4) such 
that 

g' ~ f, [ \gi+,ix,x')\^dx' = \gi{x)\^ a.e.x G M" {j = 1,2,3,4). 
Jr 



Now set 



Due to 



Hn{x) = giix) + glix) - \gn{x) - g'^{x)\. 

\Hn{x)\' = \gl{x)+gUxr + Iglix) - gUx)]' - 2\\gl{x)f - \gl{x)f\ 
= 2(|5^(x)|2 + 1^2(^)12) _ 2\\gl,{x)\' - \gl{x)n 
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it follows that 



\^dx' 



/ \Hn+lix,x') 
JR 

= 2 [ i\gl,^,{x,x')f + \gl+,{x,x')f)dx' -2 [ \\gl,^,ix,x')f - \gl+,{x,x')f\dx' 

JR JR 



<2i\gUx)f + \glix)f)-2 



I {\gU{x,x')\'-\gl^,{x,x')\')dx' 

JR 



= 2U{x)f + \gl{x)f) - 2\\gl,{x)f - \gUx)f\ = \H^{x)f. 

This shows that {Hn} is the superprojective system. Thus — — ^ ^ " — — belongs to 

lo^ - 0^1 ± fo^ - 0^1 

/:2(M~). In the same way, we can show that — ^ — ^ belongs to C'^{W^). Here by 
letting 



,3 _ lffn-gnl + (gn-ff^) ,4 _ Iffn " ffnl " (ffn " ffn) 
~ 2 ' 2 

we can show that both of (1) and (2) are satisfied. □ 

For a topological space X, let M{X) be the totality of complex Borel measures. M{X) is a 
complete metric space with the total variation norm |||Lt|| = sup \ii{E)\. 

EeB{X) 

Lemma 2.7. Let Mo(K°°) be a collection of complex Borel measures whose finite dimensional 
projections PnifJ-) = A*(Pn^(-^n)) i^n £ ^(M")) are absolutely continuous with respect to the 
Lebesgue measure on M". Then Mo(M°°) is a closed subspace of M{R°°). 

Proof. Let be a Cauchy sequence of Mo(M°°). Since the totality of complex Borel measures 
on metric spaces are complete with the total variation norm (see for instance [18]), fi^ converges 
to /Lt: a complex measure on M°°. Let gi, be the density function of Pn{tJ-j)- Then 



JRP 



Therefore for all n, gi is a Cauchy sequence of L}{R"'). This shows that the density function of 
Pn{lJi) is lim gl^{x). 

□ 

Theorem 2.8. L^(M°°) is a complete metric space with respect to \\ ■ ||^2. 
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Proof. Let /' = {/^} is a Cauchy sequence with respect to || • ||2,2. Lemma 2.6 ensures that 
there exists the representative element of /' which is of the form /i''^ — /i''^ + — h}'^) that 
/I'.i = {h!'^^},h\Hx) > (j = 1,2,3,4) belong to C^{W^) and hk^{x)hk^{x) = h^^^ {x)hk^ {x) = 
for each I > 1. For all Z, m G N, 

11/ - n\h = / - h'^) - iih'i - h'^) 

- (C' - C'') + ^(C'' - K'^tdx > ^ lim / - hZ^\^dx. 

Prom this it follows that {[/i''^]} {j = 1, 2, 3, 4) are Cauchy sequences with respect to || • ||^2. Here 
[/] denote the equivalence class to which / belongs. Hence by Lemma 2.5, {[/i''-']} is equivalent 
to a projective system of L^-functions. Thus we can assume that /' is an equivalence class to 
which a projective system (7' = {g^} belongs for all / G N without loss of generality. 
If E is of the form p-^{En){En G -B(M")), we obtain 

\\gi\\E)-\g^\\E)\ 

lim ( / / \9li+kix,x')fdxdx'- / / \gll'^kix,x')fdxdx'] 



lim J/ / \gl^ i^{x,x')\'^dxdx' + ^ / \gl^,^{x,x')\'^dxdx' 



/ \9n+kix,x')\'^dxdx' - . / \g. 



m 

n+k 



(x, x')\'^dxdx' 



< ilWh^ + Ib^IkO lim J [ [ W^^,{x,x')-g^^,ix,xTdxdx' 

«->-oo y JEn -'K'= 

= {\w\\L^ + m\L^)y-9'^\\L^ 

by using the triangle inequality |||/||l2 — H^HlsI < 11/ — sIIl^- Provided that H^'Ulz is bounded 
by M/2, we can conclude that 

\\gf{E)-\g"'\\E)\<My-g"'\\L.. 

This inequality holds for all E G H(M°°) as in the proof of Proposition2.4. Thus we obtain 

|||„i|2 |„?Ti|2|| ^ ]\/r 11^,1 ^wi-ll 

Ills' I -\9 I IIm < M \\g - g ||l2- 

According to the above inequality \g^\'^ is a Cauchy sequence with respect to || • ||. Prom Lemma 
2.7 there exist a positive Borel measure ^ on as the limit of l^i'p such that 



J En 
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for Gn G L^{W),Gn{x) > 0. 

Set = {VS;} a.d ff„(x) = lim / |9„+»(x,x')Pdx'. We see at once 

fe-7CXD J fjk 

g' e £^(M°°). In addition 

y-[g']\\l,= lun [ Wnix) - ^/Gjxjfdx < lim [ \\gl{x)f - Gn{x)\dx 

< lim / \\gl^{x)\'^ - Hn{x)\dx + lim / \Hnix) - Gn{x)\dx 

7R" '^^^O jRri 

< ll/^-bf II- 

Thus we obtain lim H^' — [ff'jU^a = 0, which proves the theorem. 

/— >-oo 

□ 

Let us introduce two important operators on L^(IR°°): multipUcation operators and con- 
volution products. Suppose that w G L2(M~, ^(M°°), |/|2) and / G L2(M°°). For arbitrary 
g e L^{R°°), let T : L2(R°°) ^. C be a linear functional defined by 

T{g)= [ w{x){f ■ g){dx). 

Prom (2.4) we have 

\T{g)\<([ \wix)\'\f\\dx)y \\g\\. 

So T is bounded and there exists h G L^(M°°) such that T{g) = {h,g) because of Riesz repre- 
sentation theorem. We call h mentioned above the multiplication of w and /, and write w x f. 

Proposition 2.9. Let f,g e L^iR"^) and u,v are bounded Borel measurable complex-valued 
functions on M.°°. Then, the following (1) — (5) hold. 

(1) {u + v)xf = uxf-\-vxf 

(2) ux{f + g) = uxf + uxg 



(3) ux f = ux f 

(4) {u X f,g) = {f,wx g) 

(5) u X {v X f) = {u X v) X f 

Lemma 2.10. Suppose that f = {fn}^=i G and fi G Mo{W^) be a positive measure 

such that the density function of pn{fJ^) is given by gn > for all n. Then {fn * gn} G 
hold. Here {fn * gn){x) = / fn{x - y)gn{y)dy. 
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Proof. It suffices to show that {/„ * gn} satisfies (2.2). Hence by 

/ ( / \fn+i{x - y,x' - y')\'^gn+i{y,y')dy' )dx' 

= / ( / \fn^\{x-y,x' -yy^dx\gn+\{3j,y')dy' 
Jr \Jr J 

< \ fn{x-y)f / gn+i{y,y')dy' = \fn{x - y)fgn{y), 
Jr 



We have 



/ \ifn+l* gn+l)ix,x')fdx' 

Jr 

= / I / fn+i{x-y,x' -y')gn+i{y,y')dydy'] dx' 

Jr Vjr"+i / 



< 



\fn+iix-y,x'-y')\'^gn+iiy,y')dy'JJ^gn+iiy,y')dy'dy] dx' 



\fn+i{x - s,x' - y')\'^gn+i{s,y')dy' ^/ gn{s) 
X ^ \fn+i{x -t,x' - y')p5n+i(*, y')dy' \/ gn{t)dsdtj dx' 

= \ \ \fn+iix - s,x' - y')\'^gn+i{s,y')dy' gn{s) 

J]R"xM" \Jr V J^ 

X J^\fn+iix -t,x' - y')\'^gn+i{t,y')dy' y/ gn{t)dx'^ dsdt 
- \ \ \fn+i{x - s,x' - y')\'^gn+i{s,y')) dx' 

X (X'"^"'^^''^"*'^' ~ ^''"^^"+^*'*'^''') dx'y/gn{s)gn{t)dsdt 
< / Vlfnix - s)\'^gnis)y/\fn{x - t)\'^ gn{t) y/ gn{s)gn{t)dsdt 



= \{fn*9n)ix)\'^, 

which proves the lemma. 



□ 



For arbitrary / = {/„} G /I^(M°°) and // G Mo(M°°) such that the density function of p„(/Lt) 
is given by gn for all n, the convolution product of fi and /, denoted by fi* f, is defined to be 
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{/n * 9n}- Hence by Lemma 2.10, /i * / can be expressed as the complex linear combination 
of £2(]Roo)_ follows that /i * / G C^iR"^). In the case / € L'^{R'^), choose {/„} G C'^{M.°°) 
a representative of / and the convolution product of fi and / is defined by [{fn * dn}]- Since 
by Young's inequality, ||A*n * /nil < ll/^n||||/n||- By taking the limit of this inequality, we have 
||/^*/|| < IIa*IIII/II- Thus the definition of /x*/ is independent of the choice of the representative. 

3 Fourier transform on L^(M°°) 

Let Mo° = {{xi,X2, ■ ■ ■) : there exists N, Xn = for all n > N}. The topology of Mq° is defined 

{y G Mo°)- Since there exists N such that yn = 



by seminorms {px}xm'=°- Px{y) 

fO] 

of 



n=l 

for n > N, the right hand side makes sense. Mq" homeomorphic to the countable direct sum 



Let a = {an} be a positive sequence and Ha be a Hilbert space defined by 

oo oo 

Ha = {x = {xn}'^=i', (^n^n < °°} equipped with the inner product {x, y)a = a^Xnyn and 

n=l n=l 

the norm ||x||a = ^y{x^x)^ . 

The following assertions are special cases of Minlos' theorem and Sazanov' theorem. For a 
thorough treatment we refer the reader to [4] , [28] . 

Theorem 3.1 (Minlos). For all continuous function (f) on Rg" satisfying 

n 

aiaj(f){xi — Xj) > (3-1) 

for all cti,--- ,an G C,a;i,-- - ,Xn G Mo°('^ = there exists a bounded positive Borel 

measure fx on R°° such that 



„ oo 

0(x) = / e2-v^<-'^);^(dy), {x, y)=Y, ^nyn- 



n=l 

Such ^ is called the characteristic function of /x, and denoted by /t. A function satisfying 
(3.1) is said to be positive definite. This theorem also holds for a continuous positive definite 
function on a nuclear space S C as the characteristic function of the measure on its dual 
space S . We will establish the relation between the inner product of L^(M°°) and positive 
definite functions on M°°. 

Theorem 3.2 (Sazanov). Suppose that a = {an} and b = are positive sequences satisfying 

oo 

^^CLn^n < continuous positive definite function (f) on Hi,, there exists a positive 

n=l 

bounded Borel measure fx on Ha whose characteristic function is given by (f). 
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Set / = {fn} G and h = {hi, h2,---) £ M~. A translation operator tu on ^^(ikoo-) 

is defined by Thf = {fn{xi — hi, - ■ ■ , — hn)} ■ By definition, it follows that 

WTHfWc- = \\f\y. (3.2) 

Let E C M°° be a complete metric space. / G Z1^(M°°) is said to be £?-sliift continuous if 
lim ||r/j^/ — /||£2 = whenever a sequence {hn} in E converges to limit 0. Let S C M°° be a 

n— >oo 

nuclear space. / G >C^(]R°°) is said to be S'-shift continuous if lim \\Th^f — /||£2 = whenever a 

a 

net {ha} in S converges to 0. 

A translation operator th on L^{M°°) is defined by Th[f] = [Thf]{f G i2^(M°°)). Equation 
(3.2) makes this definition possible. Shift continuity of L^(M°^) is defined as well as >C^(M°°). 
We win denote by L2(M°°) the totality of Mg°-shift continuous elements of L^{W=^). 



Example 3.3. If a bounded positive Borel measure fi is of the form 

oo „ 
l^=l\fndXn, /nGL^R"), > 0, fn{x)dx = \, 

n=l 

then the square root of, ^s R^-sMft contmuous. In fact, lett^, = ^^n), / Wix)?dx = 1 

oo 

follows by ParsevaVs equation. Thus A = JJ \gn\^dxn also defines a bounded positive Borel 



n=l 

measure on M°° . We obtain 



dxi ■ ■ ■ dxn 



\\ThVJj' - VlJ-Wc^ = V fi{x -hi)--- fn{x -hn) - V /i(x) • • • /„(a 
= / |e2-^^<^''^>n - lf\giiC)f - - - ISniOfd^l ■ ■ ■ d^^ 

Here h = {hi, ■ ■ ■ , 0, • • • ). Because the characteristic function on is continuous function 
on M§°, so is yfjl. 

Definition 3.4. Assume that f = {fn} G £^(M°°) is W^-shift continuous. Then, a Fourier 
transform of f is defined by {fn} o-nd denoted by f or T f Here, 

fniO = 1. i. m. / e2-^^<-'«)»/(x)da;, {x, On = E ^^'^i' 1^1" = \fi^n- 

J\x\n<L ^ " 

The sequence {/,,,} is not always included in £^(]R°°). However, it is possible to give a 
definition of the square of / = {fn} as a bounded positive Borel measure. 

12 



Proposition 3.5. Assume that f = {/„} G >C^(M°°) is Wo^-shift continuous. Then, there exists 
a bounded positive Borel measure ji on M°° such that 

lim / e^^^<-'^^n\f^{0\'d^= f e^-^'<-^y^fi{dy) (3.3) 

for allxeM.^. 

Proof. Set (j){x) = {Txf,f)^2 {x G Mq°). By assumption, (f) is continuous function on Rq°. And 
(3.2) ensures that 

n n n 

^ aiaj(l){xi - Xj) = ^ UiCXj {txJ,TxJ)^2 = W^aiT^JWc^ > 0. 

i,j=l jj=l i=l 

for all ai, • • • , a„ G C, xi, • • • ,Xn £ Mff (n = 1, 2, • • • ). Thus (j) is positive definite. Prom Minlos' 
theorem 3.1, there exists a bounded positive measure on M°° such that 

{r.f,f)c^= [ e^-^^^'y>i,{dy). 

By definition, the left hand side of this equation is equal to 

lim / fnivi -xi,--- ,yn- a;„)/„(j/i, • ■ • , yn)dyi ■ ■ ■ dyn 

= hm / e2-^<-'^>H/n(y)l'dy, 

which proves the proposition. □ 
Let /x^ be a bounded positive Borel measure on defined by 

lxi{E)= [ [ \fn+k{^,Ofd^'d^ 

for E G i3(M"), and /x„ be a bounded positive Borel measure on M" defined by 

finiE) = fi{p-\E)). (3.4) 

Substituting x = (xi, • • • ,x„,0, ■ ■ ■ ) G Mq° into (3.3) we can assert that the characteristic 
function of /i^ converges to that of jLt„ at each point. Thus /x^ converges weakly to fin i.e. 



lim / f{x)ix'l{dx) = / f{x)iin{d2 



for all continuous bounded functions / and n = 1, 2, • • • . 

Let fi^ be a bounded positive Borel measure on M°° such that 



'fi){E) j<k 

[ Ihm'SiOd^d^' 3>k. 
.Je 
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Here 5 means the Dirac delta measure on W ^ . 

At ^ = (^1, • • • , ^j, 0, • • • ) G Mg°(i < A;), it follows that 

,e,-,o,---) = /i,'(6,--- ,^,)- 

Thus the characteristic function of fl^ converges to that of at each point. Since M°° is 
space, it follows that fi^ converges weakly to /x (see [4] for more details). 

Proposition 3.6. The measure jj, defined in Proposition 3.5 satisfies 

lim Ik/la)" - /^ll =0 

a 

whenever a net {ha} in converges to limit 0. 

We call a measure satisfying (3.5) the Mg^'Shift continuous measure. 

Proof. Fix h G Mo°- Since Thfi'' — jl^ converges weakly to t/j/x — /x, it follows that 

||r/i/x — /x|| < liminf \\Tfijl^ — jl^W 



(see for instance [24]). By definition, it follows that 



d^i • • • d^k- 



Since 

/ \\f{x)f - \9{x)\'^\dx < (||/||L2(]Rn) + ||£?||l2(M"))II/-£'IIl2(M") 
for all f,ge L'^{W'), it follows that 



khA*' - A* I 



<2J / IfkiOMx / \fk{^i-hi,--- ,^k-hk)-fkiii,--- ,^k)Mi---d^k 



2.// \h{x)\^dxJf |(l-e2-v^(-''^)*/fc(x)|2dx. 



At ^ = (/ii, • • • , /ij, 0, • • • ) G I^cT, it follows that 



lim / |(l-e2'^^<^''^>fe/fe(a;)|2dx 

= 2 lim / (1 -cos27r(x,/i)^) / \fn+k{x,x')\'^dx'dx 

k^OO J^n J^k 

= 2 [ (l-cos27r(x,/i))|/p(dx). 
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Thus (3.6) is bounded by 

411/1^2 / {l-cos27r{x,h))\f\'{dx) (3.7) 

at each y G Mg"- Since (3.7) is the real part of the characteristic function of the square of /, it 
is continuous function on Rq°, which prove the theorem. □ 

Proposition 3.5 impUes that there exists a sequence of -functions {/in} which satisfies (2.5), 

and 

Urn / g{x) [ / \fn+k{x,x')\^dx'] dx = / g{x)hn{x)dx (3.8) 

for all bounded continuous functions g on M". 

A deeper discussion make it possible to improve the convergence of (3.8). In fact, it follows 
that 

lim / hnix)- [ \fn+kix,x')\^dx' dx = 0. (3.9) 

for n = 1,2, • • • . Moreover, (3.9) is equivalent to the shift continuity of / G C^{W^). It 
shows that a totality of square roots of measures satisfying (3.9) forms a linear subspace of 
£^(R°°) and the squares of such ones are Mo°"S'^ift continuous measures. A detailed proof will 
appear in elsewhere. 

We call the measure defined by Proposition 3.5 the square of /. For /, 5 G i2^(M°°), the 
product of / and g is defined by 

1/ + e - 1/ - 9\' + V^\f + V^9\' - V^\f - V^9\' 



and denoted hy f ■ g. 

Proposition 3.7. Assume that f,g E >C^(R°°) and both of them are W^'-shift continuous mea- 
sures. Then we have 

1/ • m\ < V\f\\EW\g\\E) (3.10) 

for all E G H(R°°). 

Proof. Equation (3.9) ensures that 

f--g{Pn\En))=lun [ [ fn+k{C,C')9n+k{^,^')d^'d(- 

fc^oo Je„ JRk 

Thus we obtain 3.10 as in the proof of Proposition2.4. □ 

Let J^£^(]R°°) be the totality of the Fourier transform of IRJ^-shift continuous square roots of 
measures. A sesquilinear form (•, •)jr£2 : T£?{M.°°) x ^"£^(1^°^) 1-^ C is defined hy < f,g >j-£2 = 



/•5(M°°) and a seminorm is defined by ||/||^£2 = ^< fj >^^2. By definition, ||/||^£2 = ||/||£2 
holds. 
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Let f,g & >C^(R°°) are Mo°"S^ift continuous measures. / is said to be equivalent to g if 
11/ — ^llj-^a = 0. It is easy to see that / is equivalent to to g if and only if so are / and g. Let 
JTL^(M°°) be the quotient set of J"£^(IR°°) by this equivalence relation. 

A Fourier transform of / G L^(M°^) is defined by the equivalence class of the Fourier trans- 
form of a representative clement of /, and denoted by /. By definition, the Fourier transform 
maps L^(M°°) to JTL^(]R°°). Thus JTL^(M°^) is a Hilbert space. From above, our Fourier trans- 
form is formulated as a unitary operator between two Hilbert spaces. 

Suppose that w G L^{R°° ,B{M.°°), and / G JTL2(M°^). We call the multiphcation of w 
and / to be a linear functional satisfying 

(wxf,g)= [ w{0{f--g){dO 

for arbitrary g G L^(M°°). 

By applying Minlos' and Sazanov' theorems, we are able to discuss the support of the Fourier 
transform of the square roots of measures. 

Theorem 3.8. Let S C be a nuclear space and f G L^(]R°^) be a S -shift continuous square 
root of a measure. It follows that 

\f\\R^\S') = 0. 

where S' is the dual space of S. 

Theorem 3.9. Suppose that a = {a„} and b = are positive sequences satisfying 

oo 

^^a^6^ < oo. If f & L^(]R°°) be a Ha-shift continuous square root of a measure, then it follows 

n=l 

that |/|2(M-\i/„) = 0. 

Let / G L^(R°°) be a Ha-shih continuous square root of a measure and p G Rq^. Since 

for arbitrary g G L2(R°°), we have T{Tpf) = e^'^^^^-^) x /. Let a = {on} and b = 

oo 

are positive sequences satisfying ^ a^6^ < oo and / G L^(]R°°) be a i7a-shift continuous 

n=l 

square root of a measure. For arbitrary p G Ha, let {pk}'kLi C be a sequence such that 
lim \\pk - p\\Ha = 0. Since |/P(R°° \ Ha) = by theorem 3.9, we have 

fc— >-oo 

JHb 

Because / is the i^o-shift continuous square root of a measure, \\Tp^f — Tp„/|p — >■ as m — >■ 
oo, n ^ oo. This shows that e^'^"^^"^^^'''"^ , n = 1, 2, • • • is a Cauchy sequence in the norm topology 
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of L'^{Hb,B{Hb), l/P). We call the limit of these functions as E{p) e L^{Hb,B{Hb), Prom 
this notation, we have 

T{T,f) = E{p) X /. 
It is easy to check E{pi + P2) = E{pi)E{p2) for all pi,p2 £ Ha- 

Proposition 3.10. Let a = {an} be a positive sequence, p be a complex Borel measure on Ha 
and f G L^(M°°) be Ha-shift continuous. We have 

[ {Tpf)p{dp) = p*f. (3.11) 

Here the left hand side is defined via the Bochner integral. 
Proof. It follows immediately that 



/ {rpf)p{dp),g) = j {Tpf,g) p{dp). 



On the other hand, assuming that {/«} and {^n} are a representative of / and g respectively, 
we have 

*f,9)= }}^J^ {rp„{p)fn,gn)L2(^Rn)fJ-idp) = {'rpf,g)p{dp). 
These two equations follow for arbitrary g G (3.11) is proved. □ 

The Fourier transform of convolution product p * f is equal to the multiplication of the 
characteristic function p to the Fourier transform of /. 

Theorem 3.11. Suppose that a = {an} and b = {6„} are positive sequences satisfying 
00 

^^a^bn < 00. Let p be a complex Borel measure on Ha such that the characteristic function p, 

n=l 

is continuously extendable over H^ and f G L^(M°°) be Ha-shift continuous. Then we have 

T{p*f) = px f. 

Proof. By equation (3.11), we have 

J'lf {Tpf)p{dp)] = f F{Tpf)p{dp)= f E{p)xfp{dp) 

E{p)p{dp) X f = px f. 



□ 
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4 differential calculus for square roots of measure 



In Averbuh-Smolyanov-Fomin [2], the differentiation (in the sense of Fomin) of complex measures 
is formulated as follows. 

Definition 4.1. Let fi G M(M°°) and p G Ha- /x is called differentiable in the direction p if 

TtpP - p 



lim 

t-5>0 



t 



A 







for some A G M(X). A is denoted by dpp and called the directional derivative of p in the 
direction p. 

Definition of the differentiation for square roots of measures is parallel to the case of complex 
measures. 

Definition 4.2. Let f G L^(M°°) he a Ha-shift continuous square root of a measure and p G Ha- 
f is called differentiable in the direction p if 

Ttpf - f 



lim 

t-5>0 



t 
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for some g G L {W^). g is denoted by dpf and called the directional derivative of f in the 
direction p. If dpf exists for all p G Ila, f is called Ha differentiable. 

This two differentiation is related with the following chain-rule. By using this, we are able 
to translate the properties of differentiation for the square roots of measures into those for the 
ordinary measures, or vice versa. 

Proposition 4.3 (chain-rule). Let f,g & L^(M°°) are Ha-shift continuous square roots of mea- 
sures and p G Ha . If f,g are differentiable in the direction p, the product measure f ■ g are also 
differentiable in the direction h, and it follows that 

dpif ■ g) = dpf ■ g + f ■ dpg. 

Since dp{f ■ g){'R°°) = 0, we also have 

{dpf,g) = - if, dpg) . 

Proof. Let p e Ha and f,gE L^(M°°) are differentiable square roots of measures in the direction 
p. We have 



Ttpif ■9)-{f -g) 



-dpf ■ g- f -dpg 



Ttpf ■ ^ - f-dpg 



+ 



Ttpf - f 



t 



g-dpf-g 



<\\Ttpf-f\\ 



Ttpg - g 



+ 



Ttpg - g 



-dpg 



Ttpf - f 



-dpf 



as t ^ 



by Schwarz inequality (2.7). This finishes the proof. 



□ 
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Suppose that a = {a„} and b = {6n} arc positive sequences satisfying a^jb^j < co. Let 



p e Ha and / G L^(]R°°) be a differentiable square root of a measure in the direction p. Since 



n=l 



Ttpf - f 



-dJ 



E{tp) - 1 



x/-m/) 



as t — > 0, 



and \ //b) = 0, we have 



E{sp) - 1 



X/- 



E{tp) - 1 



Hi 



E{sp) - 1 E{tp) - 1 



^- as s,i ^ 0. 



Thus there exists W{p) G L'^{H^,B{Hb), such that lim \\r'^{E{tp) - 1) - 27rV^W^(p)|| = 
0. This shows that 

Hdpf) = 2'K^W{p) X /. 

We see at once that 

(l)t^(pi + p2) = W{pi) + W{p2) for all pi,p2 e i?a, 
{2)W{ap) = aW{p) for all a G C,p G Ha, 

(3) W(p) = (C,p) for all pGi?^, 

(4) E(p) = e'^^'^^^P^ for all p G 

Proposition 4.4. Let / G L^(IR°^) be a differentiable square root of a measure in the direction 
p e Ha and A e ^(M°°). Then \f\'^{A) = implies that \dpf\^iA) = 0. So |5p/|2 is absolutely 
continuous with respect to 

Proof Since = and (/ • Ttpf) (A) = 0, we have 



\dpf\\A) = lim 



Ttpf - f 



(A) 



dt 



vmA+tp) 



t=0 



Because + tp) attains minimum value when t = 0, derivative of y/\f\'^{A + tp) at t = 

is equal to 0. Thus we have \dpf\'^{A) = 0. □ 

Proposition 4.5. Let f G L^(M°^) be a differentiable square root of a measure in the direction 
p G Ha- Then dpf is also Ha-shift continuous. 

Proof. For a G Mq" '^^ i^scve 

IKidpf) - dpff = [ |e2-v^^w - i\^\w{p)mf\\ 
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Since W{p) G L'^{Hh,B{Hb), (6 = is a positive sequence satisfying ^^a^5^ < oo) , for 

that 

/ \W{p)fd\fy<e/2. 

J\W(o)\>R 



n=l 

all e > there exists R> such that 



'\W{p)\>R 
Thus we obtain 

\\rAd,f) -0,ff=(f +f ] le^'^^^(-) - lf\W{p)fd\fr 

\J\W{p)\<R J\W{p)\>Rj 

<R' [ |e2-^^W-l|2d|/|2 + 2 / mp)\Mfr<R'\\r,f-ff + e. 

Jr°° J\W{p)\>R 

Since \\Taf — /|p ^ as ||cr||ii-„ 0, we have lim \\Tcr{dpf) — dpf\\'^ < e for all e > 0. It 

\W\\Ha-^0 

means that lim \\Tcr{dpf) — dpf\\'^ = 0. □ 

Definition 4.6. (Frechet derivative) Let f € L^(]R°°) be Ha-shift continuous. If there is a 
bounded linear operator df : Ha i— )■ L^(M°^) such that 

lim \\rpf-f-df{pmP\\H^=0, 

\\p\\Ha^O 

f is said to be Frechet differentiable in the direction of Ha and df is called Ha Frechet derivative 
in the direction of Ha- Moreover if there is a bounded bilinear form d?f : Ha x Ha i->- L^(R°°) 
such that 

lim \\TpMiPi))-df{pi)-d'f{pi,p2)\\/\\p2\\H.=0 

for all pi G Ha, f is said to be twice Frechet differentiable in the direction of Ha and d^f is 
called second order Frechet derivative in the direction of Ha- 

The following theorem gives a sufficient condition for the existence of Ha Frechet derivatives 
of square roots of measures. 

Lemma 4.7. Let f G L^(M°°) be a real-valued R"^ -shift continuous square root of a measure. 
Then 

I iiijd\f\^ = 0, for all i, jeN, i^ j. 

Proof. For simplicity we take i = 1 and j = 2. Let {/«} G £^(M°°) be a representative of /. 
Since /„ (n = 1, 2, • • • ) are real-valued functions, it follows that fn{0 = fn{—Oj have 

/ 66d|/?= lim / 661/(6, 6,r)l'd6cie2rfr 

= hm / 6 ( / 6/(6, 6, C')/(-6, -6, -^')d^2dA d^i. 

JR \jRi+k J 
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Because the integrand is an odd function with respect to for all k E N, the right hand side is 
equal to 0. □ 

Theorem 4.8. Let / G L^(]R°°) be a real-valued Ha differential square root of a measure. It 
follows that 

\\d,ff < (sup / a-Ynd\f\A Wpfn^, 
for aU , e and ./ sup / a~\li\f? < oo, *e , ^ M is a <.„e-*<,-<,„e i»e«r 

n>l Jr°° 

bounded operator from Ha to L^(M°°). 
Proof. Let p G i?Q°. By lemma4.7 we have 

\\dpff=[ \w{p)\H\f\^ = Y,f pUMfl' + '^T. [ p^pMM' 

= T.4pI [ %'ekd\f\' < fsup / a-'end\fA IIpIIL- 

^^-j^ JR°° \n>l ■/R°° / 

Since p I— )• 3p/ is a linear mapping from iJa to L^(M°°), it is continuously extendable uniquely 
over Ha- □ 

We write Ba for Banach space G M°° : sup|a~^^„| < oo}, and write = sup|o~^^„|. 

n>l n>l 

oo 

If ^ a„6n < oo for positive numbers we have Ba C .ffb because 

oo oo 



n=l 



n=l n=l 



5 Levy Laplacian and Fourier transform 

In this section we introduce the Levy Laplacian for square roots of measures on a classical 
Wiener space Co [0, T] , the space of all real- valued continuous functions on [0, T] which start at 
the origin. To do this, we will give an embedding of Co[0,r] into R°° in the following way. 
For s e R, let 

oo 

hs = {a = {an}^=i G ■■ + n^lanl^ < oo}. 

n=l 

is a Hilbert space equipped with the inner product and the norm 

oo oo 

(a,6)^ = ^(l + n2)X&n \\a\\'i = ^{l + nyal a,behs, 

n=l n=l 
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and let s = |^ h^'' be a locally convex topological vector space equipped with the seminorms 

n=l 

II • lis (s € i?). s is called the space of rapidly decreasing sequence and it is known to be a nuclear 
space. Let s be a dual space of s whose duality is given by the bilinear form 

oo 

(a, b) = ^ anbn, a G s, 6 G s . 

n=l 

Let {e„} be a complete orthonormal system of i^oIO,?"] = {(f) : (f), (f) E L^[0,r], (f){Q) = 0} 

, , s \/2T . mrs 
eo[s) = -^ en{s) = sm— n = l,2,---, 

oo 

and for a = {a^} £ s', we make one-to-one correspondence a i— )• (j){s) = ^^anen(s) from s' to 

n=l 

T> [0,T]: totality of distributions on [0,T]. We also call the image of s as D[0, T]. 

Via this correspondence, we identify the Borel subset of s with the Borel subset of V [0, T] 
such as 

H(s') 9 ^ ^ G P' [0, T] : {{<!>, en) , (<^, 62) , • • • ) ^ A} G B{V' [0, T]). 

Thus we are able to identify square roots of measures on V' [0, T] with those on s' . In this sense 
we will denote by L^{D [0, T]) the set of the square roots of measures on D [0,T] as the image 
of L'^{s). The notion of the differentiation, the multiplication operator , and the convolution 
product are defined in the same manner. As for the Fourier transform, if / be a s-shift continuous 
square root of measure on s' , then | / p (M°° \ s' ) = by theor cm 3 . 8 . Thus if / G (D' [0 , T] ) is 
a D[0, T]-shift continuous square root of a measure, then |/p is defined as a positive bounded 
Borel measure on D [0,r]. 

Note that for (f) G Co[0,T] we have 

{cl>,en) = ^(-l)V(r) + ksinksds. 

Definition 5.1. (Levy-Laplacian) Let f G L^(L)'[0,T]) be HQ[0,T]-shift continuous and f 

1 " 

is twice differentiable in the direction Cn for all n. If "^^^e^/ approaches to some g G 

^ k=o 

L'^{D [0,T]) in the norm topology of L^{D [Q,T]), we write g = A^f and the operator 
is called the Levy Laplacian for square roots of measures with respect to the CONS {e„}^Q. 

We will examine the domain of the Levy Laplacian for square roots of measures by using 
Fourier transform. If / belongs to the domain of Levy Laplacian, we will have 

:F{A,f) = - hm ^^2 {<f>,eof + ---{cl>,enf ^ ^ 

n— >oo n 

when the limit of the right hand side exists. So we first provide a sufficient condition for existence 

^ 00 

of the limit of — (6^ &k)'^ ■ 
n ^-^ 

k=o 
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Definition 5.2. Let A be a partition of the interval [Q,T] : = vq < vi < ■ ■ ■ < Vn-i < Vn = T, 
|A| = max \vi — Vi-i\. We call 

l<i<n 

n 
i=l 

the quadratic variation of G Co[0,T] over [0,T] with partition A. If Qxicp, A) converges to 
some limit as |A| — >■ 0, we call this the quadratic variation of (p E Co[0,T] over [0,T] and write 
(</>)t. 

Theorem 5.3. If there exists the quadratic variation of (f) E Co[0,r] over [0,T], it follows that 

{4>, epf H {(l),enf ^ ('/>)r 

n—i-oo n T 

To prove this theorem, we make use of the theory of summabihty method. 

oo oo 

Definition 5.4. Let ^^'"n he a real-valued series such that f{x) = ^^it^x" converges for all 

n=0 n=0 

oo 

< a; < 1. // f{x) converges to a some limit s as x ^ 1 — we say that Ahel converges 

n=0 

oo 

to s and write A — u„ = s. Let s„ = ai + • • • + a„(n = 0, 1, • • • ), f{x) is also written by 



n=0 



f{x) = {l-x)Y,Snx'' (0<a;<l). 

n=0 

^ n oo 

Sn converges to a some limit s as n oo, we say that ^ ^ Un Cesaro converges to s and 

^ k=0 n=0 
oo 

write (C, 1) — u„ = s. 

n=0 

Proposition 5.5. (Hardy-Littlewood) If A— hm Sn = s and s„ > for all n, then 

n— >oo 

(C, 1) — Jim Sn = s. 

L 5.3 

{<t>,eQY H (</',en> 



n— >-oo 

proof of theorem 5.3: Proposition 5.5 shows that 

2 , I , \2 



n=0 

if the limit of the right hand side exists. Remember that 

{ct>,en) = y|(-l)V(r) + ksinksds 
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for all ^ G Co[0, T]. For < a; < 1 we have 

oo 2 />7r /T \ 

{l-x)Y,{^,^n?x^ = -{<t>\T) + 2{l-x) / ^(-l)V(r)</.(-s) A^x'^sinfcsds 

n=0 fe=0 / 

+ {1 - x)^x'' (^J (f> (^s^ k sin ksds^ |. 



We write for the second term and hix) for the third term. Let Po{x,s) be the Poisson 

kernel and Pi{x,s) be as follows. 

Po{x,s) = -- J^^"" ^ (0<x< l,0<s<7r) 

TT 1 — 2X COS S + 

Pi(x,s) = -{1- x)—Po{x,s) {0 < X < 1,0 < s < tt). 



Since by 



oo d f 1 \ TT d 

kx^ sinfes = — — — h >^ x^ cos ks = -T^Pnix, s), 

^ ds\2 ^ ] Ids ^ ' 

fe=o \ fc=o / 



we have 



/^(x) =- l(l-x)<^(r) / Vfcx^sinA;(7r-s)cZs 

= - — (j){T)j^ Pl{x,7T-s)<j>l-s]ds 

Lemma 5.6. For all 4> £ C[0, tt], we have 

r 2 

lim / Pi{x,s)(f){s)ds = 



a;->l 

Proof. Since 



2 , 2\ sina; 



Pi(x, s) = — x(l — a;)(l — a; 



TT (1 — 2xcos s + x^)^ ' 

we have Pi(x, s) > (0 < s < tt, < x < 1). Then we have 

/•TT 

/ Pi(x,s)ds = [-(1 - x)Po(x,s)]^ = (1 - x)Po(x,0) - (1 - x)Po(x,7r) 

JO 

= l(l + a;)-lil^^^- 

TT^ ^ TT 1 + X TT ^ ^ 

Hence by 

J Pi(x,s)ds = (l-x){Po(x,5)-Po(x,0)}^0 (x^l-0) (5.1) 
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for all (5 > 0, we obtain 

r P,{x,s){(P{s)-m}ds 
Jo 

< sup |0(s) - ^/)(0)| / Pi{x,s)ds + 2 sup |0(s)| / Pi{x,s)ds 

Q<s<5 Jo 0<s<TT Js 

for all (5 > and G C[0, tt]. Since is uniformly continuous, by choosing S small enough the 
first term converges to as a; ^ 1 — 0. Because of (5.1), the second term also converges to as 
x^l-0. □ 

Thus we have lim Ii{x) = ~^(p'^{T). For hix) we have 

/2(x) = ^(1 J (p (p k"^ sin ks sin ktdsdt 

; oo 

k'^x^ sin ks sin ktdsdt 



JO 



T 
— s 

TT 



TT 



fe=0 



+ ^{l-x)j J ^-s^ + 0^ ^-ij I ^/e^x^sinfcssinfeidsdi. 
We write Ji(x) for the first term and J2{x) for the second term. Hence by Lemma 5.6 and 
J2(x) = 1 r (j)'^ (-s) y {{-!)'' - l}kx''sinksds 

T Jo \^ J tr'n 



= {Pi{x,7r-s) + Pi{x,s)}cj)^ (^^s^ds, 



we have lim J2{x) = —cjP'iT). Taken together, if lim Ji{x) exists, we will have 



lim (1 - x) V {4>,enfx'^ = lim Ji(x). 

a;— >1— ' a;— >^1— 

n=0 

So we will concerned with the limit of Ji(x) as a; —> 1 — 0. Here since 

oo J oo 

(1 - x) ^ fc^x'^ sin ks sin H = - (1 - ^ fc^x'^lcos A;(s -t) - cos + i)} 



A;=0 



fc=o 



ld_ 
2ds 



1 - z) ^ /cx'^lsin A;(s - t) - sin A;(s + t)} 



A;=0 



TT 



-— {Pi(x,s-t)-Pi(x,s + t)}, 
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we have 



Ji{x) 



TT 



'0 Jo 

TT 

4T 



TT 

f TT /-TT 



TT 



JO 



TT 



s - 



-PjI^C; s + t)dsdt 

2 



TT 



^2(3;, s — t)dsdt. 



Here we write P2{x, s) = dsPi{x, s). We write Ki{x) for the first term and K2{x) for the second 
term. 



Proposition 5.7. The following (5.2) - (5.4) hold. 

hm / flPoCa;, < 00. 

hm / vP2(x,v)dv = . 

hm / i;|P2(a;, t')|c?t; = for all S > 0. 
As in the proof of Lemma 5.6 , for ah (/) G C[0, tt] it follows that 

r 2 

lim / vP2{x,v)(t){v)dv = <t>{^)- 

x-^i-oJq tt 

Proof. Proof of (5.2): Let < Ox < tt he such as P2{x,6x) = 0. Since 

2 2^ f coss 4xsin^s 

i^2(s,Xj = —Xil — X)(l — X ) < — — 7- r ) 

^' ^ TT ^ ^ \ (1 - 2xcoss + a;2)2 (1 - 2xcos s + x^^-^ ^ 

we have 



cos ( 



^/{l + x'^y+S2x^-{l+x'^) 

Ax 



For fixed < a; < 1, hence by P2{x, u) > if and only '\i ^ < v < Ox, we have 

/ v\P2{x,v)\dv = / vP2{x,v)dv — I vP2{x,v)dv. 
Jo Jo JOx 

Here the primitive integral of vP2{x,v) is calculated by 

j vP2{x,v)dv = J vP[{x,v)dv = vPi{x,v) — J Pi{x,v)dv 

= vPi{x,v) + {l-x) J PQ{x,v)dv = vPi{x,v) + {l-x)Po{x,v). 

So we have 

v\P2{x,v)\dv = 20xPi{x,0x) + 2{l - x)Po{x,Ox) 

- (1 - x)Po{x, 0) - 7rPi(x, tt) - (1 - x)Po{x, tt) 



(5.2) 
(5.3) 
(5.4) 




JO 
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For the first two terms, by elementary computation it it shown that 



X x) - -^i^^sine^c (l + a:2)y(l + x2)2^32^+(l + x2)2 + 8x2 

^p. .^ 1 3(1 +x2) + V(l+x-2)2 + 32x2 



TT 4(1 +X) 



r7\ 

Jo 



3 3 
Since ^ +0 as x ^ 1 — 0, we have 26xPi{x,0x) — and 2(1 — x)Po{x,9x) — >■ — as 

ZTT TT 

1 + X 2 

X — >■ 1 — 0. (1 — x)Po{x, 0) = > — and the last two terms are easily shown to converge to 

TT TT 

0. Combining them all, we have 

r ir, . M , 3 3 2 5 
lim / vlPolx.vjlav = - — I = — < oo. 

x-^1-0Jq 27r TT TT 27r 

Proof of (5.3): Because of 

vP2{x,v)dv = 7rPi(x, tt) + (1 — x)Po{x,Tr) — (1 — x)Po(x, 0), 

^0 

we have 

f-7T 2 

lim / vP2{x,v)dv = — lim (1 — x)Po{x,0) = . 

x-^l—O Jq x^l—O TT 

Proof of (5.4): Since ^x- — ^ as x — 1 — 0, we are able to take < x < 1 to be < <^ for 
all 5 > 0. Then because P2{x, v) <0 when 9x < v < tt, we obtain 

/•TT /-TT 

/ v\P2(x,v)\dv = — / vP2{x,v)dv 
Js Js 

= 7rPi(x, tt) + (1 - x)Po{x, tt) - 6Pi (x, 5) - {1 - x)Po{x, 6). 

It is easy to check that the last four terms converge to as x ^ 1 — 0, which proves the 
lemma. □ 



Corollary 5.8. 



lim KUx) = 0. 



Proof. Let = {0 < s < TT, < t < tt, < s + 1 < (5}, = {0 < s < tt, < t < tt, I-k - S < 
s + 1 < 27r} , and -D5 = {0<s<7r, 0<t<7r, (5<s + t<27r — (5}. The integral domain of 
K\{x) is divided into Aj, and D^,. We call the integral over ^J, and D^, as Li(x),L2(x) 
and L3(x) respectively. We first compute L\{x). 



|Li(x)| < sup 



TT / V TT 
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Since (s, t) G implies < s < S, <t < S and 



we have 



sup 



T 



TT 



< 



TT 



s - m 



+ 



TT 



TT 



TT 



<4 sup -(/)(0)r. 

0<u<7rT-i(5 



On the other hand, we have 

// \P2{x,s + t)\dsdt < / / \P2{x,s + t)\dsdt 

J JAj Jo Jo 

= / \P2{x,v)\dsdv + / / \P2ix,v)\dsdv (Set v = s + 1) 

Jo Jo Jit Jv-tt 

/•TT /•27r /"TT 

= / u|P2(a;,^')|d^^+ / (27r-'y)|P2(a;,^^)|d^' = 2 / v\P2{x,v)\dv. 
Jo Jtt Jo 

The last equation follows from P2{x, v) = P2{x, 2-7: — v). Because of (5.2), the last term converges 
to 5/7r as a; ^ 1 — 0. Thus we have 

\Li{x)\<- sup |<^(n) - <^(0)|^ 

0<u<7rr-i<5 

In the same manner we can show that 

\L2{x)\<— sup |0(r-«)-(/)(r)|2. 

0<«<7rT-i(5 

We proceed to compute L3{x). We have 

L3(x)<4 sup \(p{u)\'^ \P2{x,s + t)\dsdt 

0<u<T J Jds 

/ / \P2ix,v)\dsdv + / / \P2{x,v)\dsdv 

Js Jo Jn Jv-n 



> sup \(p[uj 

0<u<T 



/ v\P2{x,v)\dv. 
Js 



Because of (5.4) , the last term of the equation converges to as a; ^ 1 — for all 5 > 0. Taken 
together, we have 



lim \K- 

a;->l-0 



. M 20 / 
i(x)| < - 



sup \4>{u)-4>m + sup \cj>{T - u) ~ 4>{T)\^ 

\0<M<7rT-i5 0<u<7rT-i5 



Since (/) is uniformly continuous on [0, T] , the left hand side goes to as (5 — >■ +0. Thus we obtain 
lim Ki(x) = . □ 
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We now turn to deal with K2{x). By letting v = s — t, the domain of integration [0, tt] x [0, tt] 
is transformed to {v < t < tt — v, < v < vr} U {—v < t < tt + v, — tt < v < 0}. Since the 
integrand is symmetric with respect to v = 0, we have 



TT 



/•TT P7T — V 

Jo Jv 

2r io \v\ 



lim Ki(x) < 



TT 



Set 



I{v) 



P2{x, v)dtdv. 



(5.5) 



dt. 



Then Ki{x) is written by 



vP2{x, v)I{y)dv. 







Proposition 5.7 shows that lim K2{x) = lim /(y) if the limit of the right hand side exists. 

i:— >1 — TT D— >0 

Let be a integer. By substituting tx jl^ for w, we have 



/ TT \ TT 
J2 







t + 



2N 



vr 



2^N 



TT 



2 

— dt 

TT 



We will consider the limit of /(7r/2^) as — t- oo. 

Let M(> A^) be an integer. Wc write Im,n for a Riemann sum approximations to the integral 



/ (^^j such that the interval [0, T — ^] is divided into 2^^ ^ subintervals, all with the same 



length i-e 



Im,n 



(2^-1)2^--^ 

2T ^ 

fc=0 



kT T 
2M + 2JV 



2M 



2 

2M- 



By letting k = {p - 1)2^"^ + r, p = 1, 2, • • • ,2^-1, r = 1, 2, • • • , 2^"^, we change the order 
of sum of Im n- 



2"-l 



Im,n 



2r I ^ ^ 

r=l p=l 



pT rT 
2iv + 2M 



(p-l)r rT 
2N + 2^ 



+ 



2N 

w 



Here we focus on the term 



2™-l 



p=l 



pT rT 

2N 2M 



{p — 1)T rT 

2N 2M 
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By definition we have 



Jr < sup (5t(0, A) 



|A|< 



2N 



Jr> inf Qt(0,A) 

. . . , T* 
:2JV 



|A|<;^ 



<^(0) 



rT 
W 



+ 



(2^-^ - r)T 
2M 



> inf Qt(0,A)- sup {|0(O)-0(t;)|2-|<^(r)-<^(r-^)|2}. 

|A|<^ 

Thus we have 



|A|< 



ini Qt{<P,A)- sup {|<^(0)-<^(^;)|2-|<^(T)-</.(T-i;)|2} 



2N 



^ ^2^^ |A|<^ 



(5.6) 



as M — >■ oo. By letting AT ^ oo, we can conclude that lim I{v) = — — 



if the quadratic 



variation of ^ over [0, T] exists. Thus we obtain 



lim Ko ix) 



{4>)t 

T ' 



which proves the theorem 5.3. 



□ 



To apply theorem 5.3 to the Levy Laplacian for square roots of measures, we need to check 
1 " 

— ^ {4>, Cfe)^ converges in the norm topology of L^(Z)'[0, T]). 

^ k=o 

Lemma 5.9. Let f be second order Frechet dijferentiable in the direction of Ha, and 
\f\\D'[0,T]\Co[0,T])=0. Then 

[ |0(s)|V?(#)<oo 
JColO,T\ 

forO<s<T. 

Proof. Let G H^[0,T]{0 <s<T, e > 0) to be the function 

(0 < u < s - e) 



u 



2e 



S — 



^(n — s)^ + s — I (s — e < u < s) 



{s<u< T). 
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Since ijl is second order differentiable, we have 



= [Hu)ril{u)]o - (t>{u)fil{u)du = ^ / (l){u)du 



for (f) G Co[0,r]. Thus we obtain 

Wdyr = {2^f [ (- r ct>{u)duY \f\\dct>). 

JCo[0,T] Js-e J 

Because / is second order Prechet differentiable in the direction of Ha, the left hand side con- 
verges to d'^f{r]s,r]s) as e — >■ 0. Here 



Hence by 



u (0 < u < s) 
s {s<u<T). 



1 r 

lim - / (f){u)du = (p{s) 
for (f) e Co[0,T], we have 

lim(27r)^ / (- r ^{uJduY \f\\d<P) > (2;r)^ / \cp{s)\'\f\'{d^), 
JColO,T]\^ Js-e J JColO,T\ 

which proves the lemma. □ 

Theorem 5.10. Let f € L^(L)'[0, T]) be twice differentiable in any direction of Hq[0,T], let A 
be the totality of cp & Co[0,T] such that the quadratic variation of cj) exists and let D(Al) be 

L»(Ai) = {/GL2p'[0,r]): |/|2p'[o,r]\^)=o, f {ct>?\f\\d<t>)<^}. 

J A 

If f ^ D{Al), then A^f exists and it follows that 



Proof. It is sufficient to show that 

{4>)t 



lim 



T 



l/l'W = (5.7) 



for / G L'(Ai). We first show that lim / |ivri(a;)| |/| (d^) = 0. Hence by the proof of Lemma 
5.8, we have 

hm / \Ki{x)f\f\\dct>)<C [ sup {\(P{u)-m\' + \HT-n)-ct>{T)\'')\f\\dct>) 

+ C hm / sup \^{u)\'\f\\d^)( r v\P2{x,v)\dv 

x->l-0 7^0<u<r \J5 J 
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for some C > and for all (5 > 0. Lemma 5.9 shows that the above integrals are finite. Since 
supo<u<7rr-ii5 ~ <?^(0)l^ + \4>{T — u) — (f){T)\'j is monotonically decreasing to as 5 — >■ +0, 

the first term goes to 0. Because of (5.4), the second term converges to as x ^ +0. 



We next show that lim / 

(0>T 



K2ix) - 



(0) 



T 



= 0. Hence by (5.6), it follows that 



lim 



K2ix) - 



< lim 



sup Qt(0, A) - 

\A\<v 



T 



T 



+ lim 



inf g^(^,A)-^ 

|A|<D 1 



+ lim sup (\ct^(u)-m\ + \<t>{T-u)-m\) 

v-^+O o<u<v 

= lim sup Qt((I), A) — lim inf Qt{4>-,^) 

1)^+0 i;^>+0|A|<D 

+ hni sup {\<l>{u)-m\ + \<l>{T-u)-<i>{T)\). 

Since the last term is monotonically decreasing to as (5 ^ +0, monotone convergence theorem 
shows the desired conclusion. Taken together, (5.7) is proven. □ 

Our next objective is to characterize the Levy Laplacian for square roots of measures via 
asymptotic spherical mean. Let Sn be the n-dimensional unit sphere and jin be the normalized 
uniform measure on Sn- 

Definition 5.11. Let f G L^(Co[0,T]) be HQ[0,T]-shift continuous. Via Bochner integral of 
Tpf^(n)f over Sn, we define 

J Sn-l 

n 

Here we write h^^^ = ^^/ifcCfc. If M^f converges some square root of a measure as n oo 

k=l 

in the norm topology of L^{D [0, T]), this is called the asymptotic spherical mean of f over the 
sphere of radius p and it is written by Mpf . 

Proposition 5.12. Let f e L'^{Co[0,T]) be H^[0,T]-shift continuous and \f\'^{D'[0,T]\A) = 0. 
Then Mpf converges to the spherical mean Mpf in the norm topology of L^{D' [Q,T]) as n — >• oo 
and it follows that 

HMpf) = {e--^'^'^-'^-)Tf) . 

Proof. Let / e L2(Co[0,T]) be Hl[{),T\-smi continuous and \ f\'^{D' [Q,T] \ ^) = 0. Then we 
have 

nM;f,^Aj r,..f^^-.)-f .ir.M-, 

S„-l j J Sn~l 



// 
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Let Wn be the volume of the surface area of 5„ and = ^^(0,6^)^. Choosing some 

fe=i 

adequate unitary transform on Sn, we have 

JSn-l JSn-l 

= f\l_ ;^2)t-ig2.y=Tp.„x^^ ^ 2^ - x2)t-i cos(27rpr„x)dx. 

Let Ini.4') be the right hand side of the above equation. Then we have 

Wn-2 ^ (-47rV^r2) 



fc=0 



°° / 4„2^2„2\fc fl ^ 

(2,')! / (Sett = .^) 



1 |.(-4vrVM)^ r(fc + i)r2(H^ 



Here we write 



fc / o ■ 1 \ -1 

n 



?'o = l, &A: = n(l + ^^) (A;>1). 
Since by WaUis' formula, it follows that 



p2 fn\ 

lim 7 TTT — —, TV = 1- 

„^oo r (^) r (^^) 

Because of 

2k -1 ( 2k 2k -I 
bk-bk+i = bk IH < 



n \ / IT' 

271-2 p2j,2 

we have 1 — bk < k'^ /n (k > 0). So letting x„ = we have 

n 

ik=0 fe=0 ^ ^ 

By assumption the right hand side converges to for ^ G ^. Thus it follows that 

lim y %l = lim y = e-2-V^^-^(^)T (5.8) 

k=0 k=0 
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for (f) E A. In addition, because of 

\inm 



[\l-x^)^-'cos{27rprnx)dx < 2^ [\l 

Wn-l Jo Wn-1 Jo 



X)2 = 1, 



In{(p) is uniformly bounded. We are now in a position to show {M^f} is a Cauchy sequence in 
the norm topology of L^{D' [0,T]). Let m, n (m > n) be integers. Because In{4') converges to 
g-27rV^T-i(</,)T for all (?!) e ^ as n ^- DO and In{<l)) < 1, we have 

hm ||M;/-M-/f = hm / \Im{4>) - In{4>)?\f\\d4>) = 



which proves the proposition. 

The relation between the spherical mean and the Levy Laplacian is stated as follows. 

Corollary 5.13. Assume that f G D{Al). Then we have 

Al/ = 2 hni — . 

Proof. Let / G D(Al)- Theorem 5.10 and Proposition 5.12 shows that 



A./ -2^ 



T 



+ 



g-27r2p2T-i(0)^ _ ^ 



27rV^ 



!/?(#)• 



□ 



Letting p ^ 0, we have the desired conclusion. 



□ 
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